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Let P(D, Dt) be a semielliptic partial differential operator such that 
P(D, Dt) is quasihomogeneous with respect to (dr ,..., d,,,) and of type CL. 
Let Qr(D, Dt),...,QU(D, Dt) by p-partial differential polynomials each of 
which is quasihomogeneous of degree pj with respect to (dr ,..., d,+r). Let 
9 be an open subset of WY+’ with plane piece of boundary o C W and con- 
sider the boundary value problem: 
W, Dt> u=f in G 
Q,tQ Dt) u Iw = gv 1 < v < ru. 
(1) 
The purpose of this paper is to give necessary and sufficient conditions in 
order that solutions of the boundary value problem (1) shall belong to 
P(s2 u w), the Gevrey class of index d = (4 ,..., d,+l), whenever f belongs 
to P(sZ U w) and g, belongs to rd(w) for each v. These problems will be 
called regular semielliptic boundary value problems. 
Regular hypoelliptic boundary value problems were first studied by 
Hiirmander [12]. There he gave an algebraic characterization of these 
problems. In [6], J. Barros-Neto has given a characterization of regular hypo- 
elliptic problems by constructing a parametrix or kernels, E&(x, t),..., &(x, t) 
which are C” functions in RF+’ - {O}. In [I], the author has investigated the 
relation between regular hypoelliptic problems and Gevrey classes. The type 
of Gevrey spaces used there, however, did not distinguish between the 
different degrees of regularity with respect to the different variables. 
By refining the methods used in [l], J. Barros-Neto was able to deter- 
mine, for all solutions of a regular d-hypoelliptic boundary value problem, 
the different degrees of regularity with respect to the different variables. 
He did this by showing each K,,(x, t),..., K,,(x, t), the parametrix of (l), 
belonged to rd(W;+’ - {O}). In this paper we shall show that it is 
possible to construct a fundamental solution for quasihomogeneous semi- 
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elliptic boundary value problems. In doing this we make extensive use of the 
theory of quasihomogeneous distributions (see [ 14,151). The study of regular- 
ity of solutions for semielliptic was also carried out in [9, 10, 161. 
1. SEMIELLIPTIC OPERATORS 
Let 
with a, in @, 
D =-i-a .+ i aXj > 
P(D, DJ = c aaDo, 
Ia Kk 
and 
D ,‘a t i at ’ D = (Dl ,..., D, , W, 
aJ = ( 011 ,-**, “n+1 , > I @i I = (a1 + .** + %+1), 
For some (n + I)-tuple of positive integers m = (ml ,..., m,+J, mj 2 1, we 
can write 
with 
PP, Dt) = c aaDa, 
Idrnl<l 
and then define the principal symbol of P(D, Dt) by 
We note that in general m need not be unique. 
DEFINITION 1.1. We say P(D, Dt) is semielliptic if P,(f, T) = 0 has 
zero as the only root in 5P+l. 
It is not difficult to show that when P(D, Dt) is semielliptic then m is 
unique (see Treves [19, p. 4421). 
Example 1. The heat operator ((ZJ2/ax1a) + **a + (a2/8xn2) - a/at) is 
semielliptic. 
Example 2. All elliptic operators are semielliptic. 
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DEFINITION 1.2. Let P(O) be the set of all u in Cm(O) such that to 
every compact set KC 0, there exists a constant C(U, K) > 0, such that for 
every 01 = (01~ ,..., 01,+~) 
sup / o”U(X)I < C’@‘+l(Oll!)dl ... (ol,+r!)d”“. 
XEK 
(1.2) 
rd(0) is called the Gevrey class of index d in 0. 
DEFINITION 1.3. P(D, Dt) is said to be d-hypoelliptic in 0 if for every 
u in Y(O) such that P(D, Dt) u E rd(0) then u belongs to rd(0). 
Every semielliptic operator P(D, DC) is d-hypoelliptic with dj = (max mi)/mi 
(see Treves [19, p. 4431). 
DEFINITION 1.4. An operator P(D, Dl) is of type p if there exists a 
compact set K C W such that for t in W\K, P(t, T) = 0 as a polynomial 
in 7, has p-roots with positive imaginary parts and none that are real. 
It is easy to show that for n > 1 every hypoelliptic partial differential 
operator is of some type p E N+ (see Hijrmander [12, p. 2271). 
DEFINITION 1.5. For d = (4 ,..., dn+l) and X > 0 a function f(x) in 
llP+i is quasihomogeneous of degree K E C, with respect to d if 
f (hd’X1 )...) Xd”+lX,+l) = Pf (x). 
It is easy to check that P,(&, ) 7 is q uasihomogeneous of degree %i = max mj 
with respect to (4 ,..., d,,,). 
2. REGULAR SEMIELLIPTIC BOUNDARY VALUE PROBLEMS 
Let P(D, DJ be a semielliptic partial differential operator such that 
P(D, Dt) = P&D, DC) written so that the leading coefficient, as a poly- 
nomial in D, , is independent of D, we assume also that P(D, Dt) is of type CL. 
Let &(D, Dt),..., QJD, Dt) be p partial differential polynomials each of 
which is quasihomogeneous of degree p, with respect to (dl ,..., d,,,) for 
1 <i<P. 
Let rW:+l = {(x, t): x E W, t > O}. Let Q C rWT+’ be an open set such that 
Sz contains a plane piece of boundary w contained in R”. Let C”(@“) 
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(respectively P(Q u w)) denote the set of C” functions in RT++’ (respec- 
tively Sz U w). 
DEFINITION 2.1. We say (P(D, &>; Q@, Dt),..., Q,(D, Dt)) defines a 
regular semielliptic boundary value problem in Q u w, if all solutions u in 
C”(Q u W) (k denotes the maximum of the orders of P, Q1 ,..., Qjl., respec- 
tively) of the boundary value problem 
with f E P(Q u co), g, E P(u), belong to P(Q u w). 
For any regular hypoelliptic boundary value problem we can define a 
characteristic function in an open subset of C” defined by (see [I, 61) 
JX? = (5 E C”: P(t, T) = 0 has p-roots with positive imaginary parts 
and none that are real}. 
For each 5 E &let T,([),..., T,,({) be the p-roots of P(<, T) = 0 with positive 
imaginary parts, and define 
(2.2) 
C(t) is well defined for or,..., T,(c) distinct and by continuity otherwise. 
A simple computation shows that C(c) is quasihomogeneous of degree 
(Pl + .** -tP,) - 4+1(1 + 2 + ... + (P - 1)) 
with respect to (dr ,..., d,). 
We shall prove the following theorem which characterizes regular semi- 
elliptic boundary value problems. 
THEOREM 2.1. The following conditions are equivalent. 
(1) (Pi 81 ,..., QJ defines a regular semielliptic boundary value problem. 
(2) All solutions u in Ck(JI u W) of the boundary value problem: 
P(D, Dt) u = 0 insZUw 
QvP, Dt) u Lo = 0 
(2.3) 
belong to Fd(G u w). 
(3) C(t) f 0 fw all E in !R” - (01. 
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(4) There exist K,,(x, t),..., K,,(x, t) in 9’(W+l) which can be extended 
to r”(R~+l - (0)) such that 
QvVX ot) K&, 0) = 0 in RF l<v<p 
W, &> Ki(x, t) = 0 
(2.4) 
with S,, i the Kronecker symbol, and the operators act in the sense of distributions. 
DEFINITION 2.2. K,,(x, t), Kl(x, t) ,..., KJx, t) given in Theorem 2.1 is 
called a fundamental solution to the boundary value problem (P; Ql ,..., Q,,). 
That condition (1) implies condition (2) in Theorem 2.1 is obvious so we 
will first give the proof of (2) implies (3). 
Proof of (2) 3 (3). Let H(J2 U W) be the set of all u in Ck(O u w) such 
that Pu = 0, QVu I,,, = 0 for 1 < v < p. H(SZ u w) is a closed linear sub- 
space of L&(fE u W) equipped with its natural topology Ts . On the other 
hand, let T, be the locally convex Hausdorff Topology on H(SZ u W) defined 
by the family of seminorms 
S,,,(f) = su$ ; (+,“““” .*. (41_i)dn+1+h’* / D”f(x)/ 
n+1. 
where K runs over all compact subsets in 52 u w and v = 1,2,.... Equipped 
with T2 , H(SZ u W) becomes a Frechet space ([l]). Hence if we fix K C S2 u W, 
for every v = 1,2,..., there is a constant B, and a compact set H,, C Sz u w 
such that, for all f in H(SZ u W) we have 
S&f > G BY llf llL=J(H”, * (2.5) 
Let U(X, t) = ei<**%(t) with 5 E & and C(c) = 0. For every 5 there is a 
nontrivial solution w(t) of the initial value problem 
(2.6) 
with 
(see [12, p. 2321). 
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We apply (2.5) to U(X, t), by taking the terms involving only tangential 
derivatives and we get 
with p’ = (pl ,...,p,). If we let 
“=(~;;KIxI and 6” = ( “EsE9y I x I 3 
2, Y 
we get 
where Q is the maximum of t when (x, t) E K and b is the maximum of t when 
(x, t) E H, . We can assume H, 3 K. In [12, pp. 234, 2481, Hijrmander has 
shown that there is a constant c depending only on p such that for all solu- 
tions v to (2.6) we have 
sup 1 o(t)1 < c(b/a)c-1 sup 1 n(t)/ . 
O<f<b o<t<a 
Using the above we get 
or 
Now there are constants yi such that 
f. ( j$)“+“” I 5j P > exp(yj I iii jl’di+l’“) 
[19, Lemma 7.41. By replacing this above we get 
exp[-l 1 5, lii(dl+lld + . . . + ylz 1 5, p,+ild G cvewmrq 
which implies that to every u = 1, 2,... there is a constant A, such that 
I 51 I 
lm-11") + . . . + j 5, p"+ll") < A"(1 + 1 Im 5 I), 
for all 5 in JJ such that C(t) = 0. This inequality implies that 1 Im 5 1 + 00, 
if ( 5 1 -+ co when 5 E & and C(c) = 0, which is Hormander’s condition for a 
boundary problem to be hypoelliptic. 
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With a slight modification of Lemma 2.1 [I], and using the Seidenberg- 
Tarski Theorem it can be shown that the set of numbers di for which the last 
inequality holds is a closed halfline [djo, + co) with djo a rational number 
> 1. Hence, letting v --f co, there is a constant M such that 
i I tj llidj 3 M(1 + I Im 5 I) (2.7) 
i=l 
for all 5 E d and C(c) # 0. 
Hence on the surface 
C(s) # 0 if =$ E R”. By the quasihomogeneity of C(t) this implies C(f) # 0 
for all [ # 0. Hence (2) => (3). 
Proof of (3) a (4). For 6 # 0 let 
GoK 0 = (27P j-“, & dT, t>O 
and note P(f, T) # 0 for 
I- 
for [ # 0. For t # 0 we define 
P 
W, 0 = Gob5 t> - c [Qv(& Q> Go(t> 011 f&G 9. 
"=l 
It is easy to check that G(f, t) and H,([, t) satisfy 
P(S, &I W, t> = 6, 
Qv(E, &> G(E, 0) = 0 
P(5, a) %(f, 4 = 0 
Qv(5, ot) ffv(6vO> = 8j.v * 
(See [12, pp. 232, 2331). 
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LEMMA 2.1. There exist constants M, y, C, d all positive such that 
for all /3 > 0 and t > 0, 6 # 0. 
(For a proof of Lemma 2.1 see Artino [I], Barros-Neto [2].) Lemma 2.1 
shows that G([, t) and H,(f, t) define tempered distributions in lP - {0} 
depending on a parameter t 3 0. Furthermore, it follows from Hormander 
[12, pp. 2531 that H,(t, t) and G(5, t) are smooth in t and t # 0. 
We may define 
K,(x, t) = cF;lG([, t) 
(2.9) 
K(x, t) = =q’H”(E, t) t 2 0, 5 # 0. 
By taking back the Fourier transform in 2.8 we see that K,, , K, satisfy 2.4. 
We must show that J&(x, t),..., J&(x, t) have the remaining desired prop- 
erties. First however we shall review some of the basic theory of quasi- 
homogeneous distributions. 
3. QUASIHOMOGENEOUS DISTRIBUTIONS 
DEFINITION 3.1. A distribution T in [wn is quasihomogeneous of degree 01 
in @ with respect to (dl ,..., d,) if for each h > 0 
(T(x), W% >..., X-“ex,)) = A’d’+a( T, +) 
holds for all 4 in C,“(P). 
It is advantageous for what follows to use the following metric on [WY 
where m is the least integer such that 2di divides m. We note that p(t) is 
quasihomogeneous of degree 1 with respect to (dl ,..., d,). Furthermore, the 
differential element of volume in “polar” coordinates with respect to this 
metric is 
d( = p=+-l dp A o(y), 
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where p(y) = 1 and 
(dx), = (- l)i-l dx, A ... dx,-l A dxi+l A 1.. A dx, 
(see [17, p. 2991.) 
Let Z = (5 in P: p(t) = l} and T(x) be a C” function on Z. For each 
01 in @ we can extend T(x) to a function T, on !P - (0) which coincides with 
T on .Z and in quasihomogeneous of degree OL with respect to (dr ,..., C&J. 
In fact, we can let 
T,(x) = p(x>” T (--&) , Vx in BP - (0). 
We would like to show that T,(x) is a distribution on BP. To do this we use 
the method used by L. Schwartz (see [9, 10, 161). 
If 01’ = - CL - Cy=, dj is not a positive integer or zero, for every 4 in 
Y(W) we define 
(p.f. T, 2 d> = J‘, T(Y) [ jm P”+‘~‘%PY) dp] MU, (3.1) 
where do is the area element on the unit p-sphere, and p.f. stands for “final 
part.” Successive integration by parts shows that for 01’ $ N then the cor- 
respondence 
a H p.f. T, 
taking C -+ Y’(UP) is well defined. 
If cy’ EN we define p.f. T, by 
(p.f. T, , 4) = I2 T(y) [IOm --& (In $ - + - -$) $ta’~l’(~Y) dp] day (3.2) 
for $ in Y(lfP) and 
#k'(py) = (-$-)" 5&Y). 
We have the following properties of p.f. T, which can easily be verified. 
PROPOSITION 3.1. If T is a C” function in W - {0}, quasihomogeneous of 
degree OL with respect o (dl ,..., d,) and (11’ #N, then p.f. T, is the only distribu- 
tion on UP quasihomogeneous of the same degree which coincides with T, in 
UP - (0). 
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PROPOSITION 3.2. If 01’ E N then p.f. T, dejked by 3.2 defines a quasi- 
homogeneous distribution of degree a! with respect to (dl ,..., d,) ;f and onZy if 
for all v = (vl ,..., v,), 1 v 1 = 01 
s YTY) dub9 =0. H (3.3) 
Proof. By changing variables one sees that for all A > 0 
(p.f. T, , +(A-d’~1 ,..., X-dnx,)) - A”+xd’(p.f. T, , 4) 
- /\-a’ -- s a’! x T(Y) log ~#“.‘(PY) 0) MY) 
T(Y) uW(o)) MY) = 0 
Q.E.D. 
PROPOSITION 3.3. If T(x) is quusihomogeneous of degree ar w.r.t. (4 ,..., d,), 
then it is a Fourier transform, T is quasi~omogeneous f degree 0~’ with respect 
to (dl ,..., d,). 
It follows that if 0~’ 4 N (or 3.3 holds when (Y’ E kl) then p.f. T, is 
quasihomogeneous of degree a’. 
PROPOSITION 3.4. If (x’ E IV (and 3.3 does not hold) then 
@=a (4 = H(x) + P(x) log p(x) 
where H(x) belongs to C”‘(W - {0}) and is quasihomogeneous, of degree LX’ and 
P(x) is a polynomial, homogeneous of degree 01’. 
Proof. If 0~’ EN, then 
(F, $&P’X, )...) @x,)) 
= Jc, T(y) & Jc,, (log +- - + - ..a - $) c$(a’+l),-,) dp da. 
Changing variables p -+ Ap, we obtain that the right side of this equation is 
equal to 
- A-P 1 T(y) --& ia (log + - + - .a. - f) $a’+l)(py) dp da 




$P’)(py) = , ; y”@(py), 8” = a;; a.. a; 
Y a 
and y in 2. Thus 
Therefore 
((p.f. T,), Wd% ,..., h-dflx,)) = h-“‘((p.f. T,), $) + h-“’ In h(P, 4) 
(3.4) 
where 
p(t) = ,E 
" LX' 
w (j T(Y)Y" do) P'. . z 
Now consider the distribution 
It follows from (3.4) that H(6) is a quasihomogeneous distribution of degree 
01’ with respect to (4 ,..., d,). Also H(t) is C” in BP - {O}. Hence, it follows 
that H(t) should be the sum of a C” function in BP - (0} plus a quasi- 
homogeneous distribution with support at the origin. From this we conclude 
that this distribution must be zero 
Thus 
(PfiJ = fw) + p 1% do 
LEMMA 3.1. Let T(f) in Y(W) such that T(f) is quasihomogeneous of 
degree k with respect to (dl ,..., d,) and T(f) is C” in [w” - {0}, then p(x) 
belongs to Td(Rn - (0)). 
Proof. Let #([) be in Com(lFP) such that #(5) = 1 when I 5 j < 1 and 0 
when 1 f ] > 2. Write 
T = #T + (1 - #) T. 
Now since I/T has compact support (#T) is analytic and hence ($T) belongs 
to P(R”). We must show (1 - $) T belongs to P(R” - (0)). 
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Now consider the expression 
/ DrtpD”(l - t,G) DtT j d[ 
where I 011 + ( fl I = I q I . Let 
To = 
s 
[l - #(.$I DaPDBT(~) 4 
w 
T -!i‘!- r*s-t = r!s!t! I 
D’[PD$( 1 - 9) Dt T df. LWn 
Since I ti I < p(t) df and 1 D&P / < 21pl 1 (Pea I , it follows that there exists 
a constant c > 0 such that 
1 To 1 < C1pl+l 
ss 
m ,&P-~+M%~> I DBT(y)l dp do. (34 
220 
To estimate T7,S,t , we see that the support of Ds(l - $), say H, is con- 
tained in a compact set. Letting 
B = y# ( 0’5’ I 
E 
we have 
I T,,,,t I < q!B s, SUP D-V - $1 DtT 8 (3.7) 
which is integrable. If we choose 
i djpj + k < I q j < C d&i + k + 2, (3.8) 
j=l 
then (3.8) implies the right side of (3.6) is integrable. Thus there is a constant 
C, > 0 such that 
I I D”P(1 - 4) T(f)1 df ,< C?“” I Q I! (3.9 IRn 
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If we choose 4 such that (3.8) holds then using the gamma function there is 
a constant C, > 0 such that 
I q I! < T 
t 
f djpj + 2 + k 
1 
< Cp’+l(p,!)dl ... (P,!)~“. 
i=l 
We conclude that 
s 
lP[g( 1 - #(e)) T(5) e-i(x.r> de 
is absolutely integrable and hence equal to 
x9( 1 - &&x)). 
(3.10) 
(3.11) 
It follows from (3.9), (3.10), and (3.11) that 
I xQD”(( 1 -G(x)) 1 < C’e’+r(pr!)dl (&l)“” * * * (P,!)% 
This implies that if K is a compact subset of Rn - {0}, there exists a constant 
c > 0 such that 
sup 1 DP((l -$&))I < c’“‘+r@r!)dl * * * (P,!)d”. 
SK 
This proves the lemma. Q.E.D. 
We note that Lemma 3.1 implies that (p.f. Tol) in Proposition 3.3 is in 
Fd(Rn - {0}), and H(x) in Proposition 3.4 is in F”(R” - (0)) also. 
4 
We now apply the results of Section 3 to the distributions 
4,(x, t) = C’W, 4 
ax, t) = ~$fv(5,4 
defined by (2.8). Clearly, 
f&(& t) = p-?fuY(Y, t, PI, 
where 
fy(YI t, P) = (4 
Qdr, 4~)) ... Qdr, mu’,,) 
;i tr)T1(d . . . ;itl)Tu(Y) 
!&YY Tl(Y>> ... i?U(Y~ Tu(YN -- 
C(Y) 
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since ~~(5) is quasihomogeneous with respect to (dr ,.,., d,), and C(t) is also. 
We can thus use the results in Section 3. It follows that K,(x, t) satisfies 
quasihomogeneity properties in x and in fact since 
H”(Xffl ,...) q%&& , X-d,+lt) = PH”(& t), 
it is a simple matter to show that K,(x, t) has quasihomogeneity properties in 
(x, t) with respect to (dl ,..., d,+r). We can thus state the following result. 
THEOREM 4.1. If (- py)’ $ N then K,(x, t) is quasihomogeneous of degree 
k-e;,)’ with respect o (dl ,..., d,,,). If (- py)’ E N (and 3.3 does not hold). 
Kv(x, 0 = Hv(x, t) + P&, t> log /4x, t>, 
where H,,(x, t) is qua&homogeneous of degree (- py)’ and P,(x, t) is a homo- 
geneous polynomial of degree (- py)‘. In either case KY(x) t) E Td(W - (0)). 
A simple computation shows that S;‘G(t, t) = K,,(x, t) is a sum of 
quasihomogeneous distributions in rWT+r belonging to P(llP+r - (0)) or a 
sum of quasihomogeneous distributions and a sum of products of homo- 
geneous polynomials and logarithms, depending on the degree of homo- 
geneity of G(t, t). 
We have thus completed the proof of (3) implies (4) in Theorem 2.1. 
5. (4) IMPLIES (1) 
Let Q, be a relatively compact open subset of D with plain piece of bound- 
ary wr C w such that Sz, u wr C 52 u w. Let ol E Cc”(R~+“) be such that 
OL = 1 in (Qr u wr) and its support is contained in D v W. Let u be a solution 
of (2.1). By using [Y as a cut-off function we see that by letting U = (YU 
W, 4) U = g inQUc.0 
QJD, Dt) U = h, in w 1 \<v<cL 
(5.1) 
with g in P(J& U wl) and h, E P(wJ and g, h, are continuous with support 
in .QUvw. 
It follows from (4) that a solution of (5.1) is given by 
U = K,*g + i Kv( *)’ h, 
v=l 
where (*)’ denotes convolution with respect to the x-variable only. 
409/42/3-9 
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LEMMA 5.1. Let V be an open subset of R,” = {(x, 0): x E W} and f a 
continuous function in [wovl with compact support such that f E rd(V), then 
K(x, t) (*)‘f (x) E P( v x 02,). 
It follows from Lemma 5.1 that U(x, t) belongs to P(Qr u wr) and since 
u = U in !Z, u wlu E P(@r u wr). Since Q, u w1 was arbitrary it follows 
that u E P(Q u w). 
We conclude with the proof of Lemma 5.1. 
Proof of Lemma 5.1. Let V be a compact subset of V and let %r be a 
relatively compact open subset such that V C %‘r C 4, C V. Let 01 E Com( V) 
be such that 01= 1 in ??r . Write 
K,*F = K,*‘& + K,*‘(l - a) F. (5.1) 
For every p = (p, ,..., p,), /3 = 0, 1, 2 ,..., it follows by induction that 
D$D,P(K;btF) = D,oK;‘(uD9F 
+ f Do ..+ Dj-,D,BK;‘(Djcu) (Dj+l ... D,+,F), 
j,l 
where D, = Dm+l = identity operator, Dp = D,D, ... Dm+l . Let 
T, = D,“K*‘(uD~F 
Tj = f D, ... Dj-lD,pK;‘(Dia() (Dj+l ... D,+,F). 
j=l 
Estimate of T, in %. 
The support of OLD~F is some compact set L. The values of K*arDPF in %‘1 
depend only on the values of K, on the bounded set $7, - L, regarded as a 
distribution in x depending smoothly on t. Hence K, equals a distribution of 
finite order, in x, in a neighborhood of %?I - L. Then 
where F, are continuous functions with compact support in a neighborhood of 
%?I -LC [Won, and belonging to P(!?+) in t. Then we can write: 
To = c 1 W’Fr& - Y, t> D*(~Y) DpF(y)) dr- 
InI< ” 
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Hence, after applying Leibnitz’s formula, 
S is a small number > 0. 
Since F E P(V) we get 
sug 1 D:K;‘F(x, t)/ < C,B”@!)” C~‘+‘Q’+l(l p / + / q I)!” 
0<tGS 
< c”+‘p’+yJ p / + /3)!“. (5.2) 
Estimate of Tj in 9. 
Since 01 = 1 in @I , Dja = 0 in PI , hence the support of 
tDP) CDi+l a.* Dnz+lF) is contained in 
supp 01 n G?lC, 
where gIc denotes the complement of @?I in [won. On the other hand, the 
values of (Do ... Dj) D,“K*‘(Dp) (Dj+l ... Dm+lf) in %?I depend on the 
values of (D, ... Dj) D,sK, on VI - supp 01 n pIc, a subset of Ron - {O}. 
Since on this set K, belongs to P we get 
sup I D, ... Dj-lD,~Kv(x, t)] < %P+j(j + ,9)!“. 
xev, 
OGtG6 
Since F E P(V) we have: 
;;gJ ND0 ... Dj-lDtBKv*(DjcJ (Dj+l ... D,+,g) (x, t>l < q’p’+s+l(l P I + 8)“. 
1 
0<tG3 
Since 6 was arbitrary and g was an arbitrary compact set contained in &,n 
5.2 and 5.3 show that the first term in 5.1 belongs to P(V x R,). That 
D,BD,p(K;‘( 1 - a) F) is in Fd( V x R,) is done in a similar manner. 
Q.E.D. 
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